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Concurrence via entanglement witnesses
Florian Mintert
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We derive an experimentally observable lower bound on concurrence of mixed quantum states in
terms of an entanglement witness, relating measurements on single states with those on two copies.
Although entanglement does have unambiguously ob-
servable consequences, such as the provision of quantum
teleportation, entanglement per se is not an observable
in the strict quantum mechanical sense: there is no ob-
servable, i.e. hermitean operator E, such that its expec-
tation value could define a valid entanglement monotone
or measure.
Even though there is no unique measure of entangle-
ment, and there is not even a generally accepted list of ax-
ioms that a measure of entanglement has to satisfy, there
is the fundamental property that entanglement is invari-
ant under local unitary operations. That is, for a given
state |Ψ0〉 ∈ H = H1 ⊗H2, all states |Ψ〉 = U1 ⊗U2|Ψ0〉,
with arbitrary unitary transformations Ui acting on Hi,
(i = 1, 2) have exactly the same entanglement proper-
ties – independent of the choice of measure. Since this
holds for arbitrary states |Ψ0〉, and similarly also for
mixed ones, any observable E that could potentially de-
fine a measure also needs to have the same symmetry,
i.e. E = U†1 ⊗U
†
2 E U1 ⊗U2 for arbitrary local unitaries.
However, the only operator that enjoys this property is
the identity 1, i.e. the ‘trivial’ observable that returns
the same expectation value for any state.
Thus, in order to characterize entanglement in a lab-
oratory experiment one needs to go beyond measuring
a single observable. A commonly pursued approach is
quantum state tomography [1]: after measuring a com-
plete set of observables one can reconstruct the actual
quantum state, and is left with the mathematical prob-
lem of evaluating some entanglement measure, or check
a separability criterion. Although this has been imple-
mented frequently and very successfully, e.g. in [2], it
is not completely satisfactory an approach. Firstly, the
number of observables to be measured grows rapidly with
the system size, so that for practical reasons tomogra-
phy is viable only for small systems; and secondly, one
would expect that entanglement – providing one of the
most striking differences between classics and quantum –
has some more direct consequences to be observed. And
indeed, entanglement witnesses [3] define an observable
that gives a much more direct experimental insight to
the separability properties of a given state [4]. However,
whereas witnesses allow to distinguish separable from en-
tangled states, they do not provide a quantitative de-
scription, that is, they do not define an entanglement
measure. Though, recently some techniques have been
developed to use witnesses in order to find bounds on
entanglement measures [5, 6, 7, 8].
A different approach is to not measure only on a sin-
gle quantum state. Since a state has to be prepared re-
peatedly for reliable measurement statistics anyway, one
can also wait until a state has been prepared twice, or
prepare it twice at the same time, and then measure col-
lective properties of this twofold copy [9, 10, 11, 12, 13].
In such a fashion one finds observables that are invari-
ant under local unitaries, and, indeed, the concurrence of
pure states is then given as a regular observable, and sim-
ilarly, simple observable bounds are available for mixed
states [14]. In the present contribution we would like to
point out some relations between the apparently differ-
ent approaches of measuring either on a single copy or
on two of them.
The concurrence c(Ψ) of a pure state |Ψ〉 can be de-
fined via the expectation value of the hermitean oper-
ator P
(1)
− ⊗ P
(2)
− , where P
(i)
− is the projector onto the
antisymmetric subspace of Hi ⊗ Hi [15]. And, for a
mixed state, concurrence can be constructed as convex
roof c(̺) = inf
∑
i c(ψi), where the infimum is to be
taken among all ensembles {|ψi〉} of suitably normalized
states that are in accordance with the density matrix
̺ =
∑
i |ψi〉〈ψi|. Such an optimization procedure is an
involved mathematical task, and a general algebraic so-
lution is known only for the smallest possible systems
[16]; for higher dimensional systems there are only lower
bounds available [17, 18]. Moreover, neither the exact
solution nor the bounds are directly measurable – they
can only be evaluated if the density matrix is known, typ-
ically via quantum state tomography. Yet, there exists
also a measurable lower bound on concurrence, provided
a measurement can be performed on a twofold copy of
a state. In terms of the above projectors onto antisym-
metric spaces, and the symmetric counterparts P
(i)
+ , this
bound reads [14]
c(̺)2 ≥ 4 Tr(̺⊗ ̺ V ) , (1)
with either of the two choices V = P
(1)
− ⊗ (P
(2)
− − P
(2)
+ ),
and, V = (P
(1)
− − P
(1)
+ )⊗ P
(2)
− .
The advantages and disadvantages of this bound as
compared to those derived from measurements on single
copies are apparent: Eq. (1) defines a single measure-
ment prescription that is applicable to all states, which
is a consequence of the invariance of P∓ under local uni-
taries. However, this ease comes at the expense of the re-
quired simultaneous availability of two copies of a quan-
tum state. If one has some a priori information on ̺,
and, if one can easily adjust the measurement apparatus
to suit the state to be characterized, then one might be
willing to give up this invariance, and return to measure-
ments on a single copy only. For those cases, we discuss
2how the approach of collective measurements can be used
to find observables on a single copy of ̺ that also provide
a lower bound on concurrence.
In order to obtain Eq. (1) above, it was shown in [14]
that the inequality
c(ψ)c(φ) ≥ 4〈ψ| ⊗ 〈φ|V |ψ〉 ⊗ |φ〉 (2)
holds for two arbitrary pure states |ψ〉 and |φ〉. Now, con-
sider two mixed states ̺ and σ, with some decomposition
into pure states ̺ =
∑
|ψi〉〈ψi| and σ =
∑
|φi〉〈φi|. By
virtue of Eq. (2), one obtains
(∑
i
c(ψi)
)(∑
j
c(φj)
)
≥ 4
∑
ij
〈ψi| ⊗ 〈φj |V |ψi〉 ⊗ |φj〉
= 4 Tr(̺⊗ σ V ) . (3)
Since this holds for any decomposition of ̺ and σ, that
is, in particular, for optimal ones that achieve the infi-
mum in the convex roof construction of concurrence, this
directly leads to
c(̺)c(σ) ≥ 4 Tr(̺⊗ σ V ) . (4)
Now, take ̺ to be the state of interest, the concurrence
of which should be measured; σ does not need to be a
state of a real quantum system so that a measurement is
performed on two systems. It can also be considered a
mathematical auxiliary quantity with the help of which
one can define the observableWσ = −4Tr2(1⊗σ V )/c(σ),
where the partial trace is taken over the second copy
of H. Wσ is just a regular hermitean operator to be
measured on a single copy ofH, and it can also be defined
– without invoking a second copy ofH – in terms of σ and
its reduced density matrix σ1 = Tr2 σ: Tr2(1 ⊗ σ V ) =
(σ−1⊗σ2)/2 for V = P
(1)
− ⊗ (P
(2)
− −P
(2)
+ ), and similarly
for V = (P
(1)
− − P
(1)
+ )⊗ P
(2)
− [19, 20].
Now, as a direct consequence of Eq. (4), one has the
lower bound on concurrence
c(̺) ≥ −Tr(̺Wσ) , (5)
in terms of the observable Wσ that is an entanglement
witness for any positive operator σ: for any separable
state ̺, the expectation value of Bσ is non-negative, since
c(̺) vanishes. Therefore, a negative expectation value of
Wσ unambigously characterizes a state ̺ to be entangled.
However, via Eq. (5) such witnesses do not only qualita-
tively distinguish separable from entangled states, but
also provide a quantitative description.
Of course, for an arbitrary state σ it can be very in-
volved to determine c(σ), which is necessary to obtain
Wσ. But often pure states provide good witnesses, and
the concurrence of pure states is a simple algebraic func-
tion. Therefore, the witness Wσ can be found purely
algebraically, without any optimization to be performed.
This, in particular, facilitates an optimization of Eq. (5)
over states σ, such as to find a possibly large bound. And
even if σ should be a mixed state, and if its concurrence is
not known, any upper bound on c(σ) also provides a valid
witness for Eq. (5); and reliable upper bounds can always
be obtained, simply due to the convex roof construction,
where by definition the solution is an infimum.
Thus, the present approach leads to a constructive, al-
gebraical definition of entanglement witnesses that pro-
vide bounds on concurrence of mixed states, and sheds
some light on the interconnection between individual
properties of a single state, and collective properties of
copies thereof.
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